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Outline

What you might know from before: Polymers are entropic springs where the end-to-end 
distance probability follows a Gaussian distribution.

Now we will extend this model to take two more things into account:

• The self-avoidance effect (excluded volume).

• The influence from a solvent around the polymer.

Then we look at polymer brushes, i.e. polymers with one end attached to a surface.

There is mostly theory in this lecture, more about applications later!
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Repetition: Conformational Entropy

From the freely jointed chain model, the entropy as function of end-to-end distance is 
given by:

The expected value R for end-to-end distance is given from the “random walk” behavior:

Thus, to predict R we need:

• Monomer size a.

• Number of monomers N.

• Kuhn-length b (twice the persistence length).

𝑆 𝑟 = constant −
3𝑘୆𝑟ଶ

2𝑎𝑏𝑁

𝑟 = 𝑅 = 𝑎𝑏𝑁 ଵ/ଶ

or contour length

When the entropy is known as a function of chain elongation, we can get the free energy 
as a function of r for the random walk model:

The force required to stretch the chain is:

The ”spring constant” is:

Note that it is easier to pull long and stiff polymers (counterintuitive).

Here all is based on conformational entropy, no interaction energies accounted for!
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Repetition: Polymers as Entropic Springs

Wikipedia: Spring

𝐺 𝑟 = −𝑇𝑆 𝑟 =
3𝑘஻𝑇𝑟ଶ

2𝑎𝑏𝑁
+ constant

𝐹 𝑟 =
𝜕𝐺

𝜕𝑟
=

3𝑘୆𝑇𝑟

𝑎𝑏𝑁

𝜕ଶ𝐺

𝜕𝑟ଶ =
𝜕𝐹

𝜕𝑟
=

3𝑘୆𝑇

𝑎𝑏𝑁
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Repetition: Volumes and Entropy

Consider volume expansion from the viewpoint of statistical mechanics.

We can discretize the space available into a certain number of positions, each with 
volume dV, where a particle can be located. The entropy change is then:

Now imagine the particle is a monomer…

dV

Vi

Vf

dV

Δ𝑆 = 𝑘୆log 𝑊୤ − 𝑘୆log 𝑊୧ = 𝑘୆log
𝑊୤

𝑊୧
= 𝑘୆log

𝑉୤
d𝑉
𝑉୧
d𝑉

= 𝑘୆log
𝑉୤

𝑉୧
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Self Avoiding Chains

Assume we have our N chain segments, each with volume v, in a total volume V. The 
excluded volume occupied by the coil is Nv.

We can now do a mean field approximation: We assume that the segment density is 
homogenous throughout the volume that the coil occupies.

The entropy loss per segment is then:

We thus treat the polymer as a “gas” of monomers. Remember that the molecule is 
assumed to be long and flexible and it wobbles around (so the assumption is not crazy).

for small polymer 
volume fractions
(Nv/V)Δ𝑆ୱୣ୥ = 𝑘୆log

𝑉୤

𝑉୧
= 𝑘୆log

𝑉 − 𝑁𝑣

𝑉
= 𝑘୆log 1 −

𝑁𝑣

𝑉
≈ −

𝑘୆𝑁𝑣

𝑉
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Excluded Volume Entropy

We can assume that V ≈ r3 and probably v ≈ a3 but we just call it v for now:

We get the total free energy increase for the polymer due to the presence of itself by 
multiplying with N (all monomers) and temperature:

The chain will want to expand to make ΔGvol smaller but we must not forget the 
conformational entropy cost of stretching the chain:

a3 r3

Δ𝑆ୱୣ୥ = −
𝑘୆𝑁𝑣

𝑟ଷ

Δ𝐺୴୭୪ 𝑟 = −𝑁𝑇Δ𝑆ୱୣ୥ =
𝑘୆𝑇𝑣𝑁ଶ

𝑟ଷ

𝐺 𝑟 =
3𝑘୆𝑇𝑟ଶ

2𝑎𝑏𝑁
+

𝑘୆𝑇𝑣𝑁ଶ

𝑟ଷ + constant
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Sanity Check: Osmotic Pressure?

Osmotic pressure Π with a second virial coefficient B is given by:

Here C is concentration (inverse volume), which inside the coil is N/V:

The free energy increase due to the deviation from ideal behavior is:

Again assuming V = r3, we see that B = v so the osmotic pressure effect is equivalent.

We will look at energetic interactions soon...

𝛱 = 𝑘୆𝑇
𝑁

𝑉
+ 𝐵

𝑁

𝑉

ଶ

𝐺 = 𝛱𝑉 = 𝑘୆𝑇 𝑁 +
𝑁ଶ

𝑉

∆𝐺 = 𝛱𝑉 = 𝑘୆𝑇 𝑁 + 𝐵
𝑁ଶ

𝑉
− 𝑘୆𝑇𝑁 =

𝑘୆𝑇𝐵𝑁ଶ

𝑉

“ideal” (dilute) behavior for B = 0𝛱 = 𝑘୆𝑇 𝐶 + 𝐵𝐶ଶ
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Example of the Excluded Volume Effect

As an example we can plot the free 
energies as a function of r for:

N = 1000
a = 1 nm
b = 1 nm
v = 1 nm3

For small r the excluded volume 
effect dominates entirely, but 
disappears very fast with (r-3).

The conformational entropy loss 
increases steadily (r2).

Minimum for some value of r!
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The Flory Radius

We can minimize Gtot with respect to r by taking the derivative:

Setting the derivative to zero will give the free energy minimum and thus the expected 
value of r (in other words R) from:

This gives us:

So we arrive at an exponent of 3/5 instead of 1/2. We can denote this as the Flory radius:

𝜕𝐺୲୭୲

𝜕𝑟
=

3𝑘୆𝑇𝑟

𝑎𝑏𝑁
−

3𝑘୆𝑇𝑣𝑁ଶ

𝑟ସ

3𝑘୆𝑇𝑅

𝑎𝑏𝑁
=

3𝑘୆𝑇𝑣𝑁ଶ

𝑅ସ

𝑅ହ = 𝑎𝑏𝑣𝑁ଷ

𝑅୊ = 𝑎𝑏𝑣 ଵ/ହ𝑁ଷ/ହ
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Validity?

The “accurate” value of the exponent, based on the math of self-avoiding random walks, 
is 0.588… But experiments cannot discriminate this value from 3/5 (though from 1/2).

“radius of gyration” of polystyrene 
chains in a “theta-solvent” 
(cyclohexane  at 34.5°C) and in a 
good solvent (benzene at 25°C)

Fetters et al.
Journal of Physical and Chemical Reference Data 1994, 23 (4), 619-640.
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Who Cares About 1/2 or 3/5?

The value of the exponent is very important because N is a large number!

Equal to 1.58 for N = 100 and 2.00 for N = 1000.

𝑅୊

𝑅
=

𝑎𝑏𝑣 ଵ/ହ𝑁ଷ/ହ

𝑎𝑏𝑁 ଵ/ଶ
≈ 𝑁ଵ/ଵ଴
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Nobel Prize in Chemistry 1974

For predicting the ”spatial configuration of macromolecular chains”.

Paul Flory

So what is now the size of a polymer molecule?

The physical size of a coil is often described by the radius of gyration Rg, which is “the 
mean squared distance of each point on the object from its center of gravity”.

For a random walk, one can relate Rg to R by:

Note that Rg is indeed a radius, so the diameter is 2Rg.

Experimental data (like light scattering) will tend to give the hydrodynamic radius, 
which is not the same thing as Rg but similar in magnitude.

Whatever parameter we use it will be proportional to the end-to-end distance, so R (or 
RF) is a characteristic length that represents the size of the polymer!
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The Size of a Coil

???
𝑅୥  = 𝑅

1

6

ଵ/ଶ
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Demonstration: Good Solvent

How much polystyrene can fit in a beaker?
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Interactions with a Solvent

We looked at entropic effects of chain configuration and excluded volume. In a solvent 
we also need to consider the energy of the molecular interactions (non-covalent):

• Polymer and solvent (εps).

• Polymer and polymer (εpp).

• Solvent and solvent (εss).

Intuitively, it is clear that polymers will occupy a larger volume if they “like” the 
solvent. (Unless the solvent likes itself very much…)

If interactions between polymer and solvent are not favored (or if the polymer likes itself 
very much) we expect the polymer to occupy a smaller volume.

εss

εps

εpp
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The Number of Interactions

Assume there are z “contact points” between a segment of a polymer or a solvent 
molecule and that only nearest neighbors count (regular solution model).

We have N segments (each with volume v) within a volume r3. Assume the probability 
that a neighbor of a polymer segment is another polymer segment is equal to the volume 
fraction of polymer segments Nv/r3. We have Nz contact points to the polymer in total, so 
the number of polymer-polymer interactions is:

We divide by two because otherwise we count the same interaction twice! The volume 
fraction of solvent is 1 – Nv/r3 so the number of polymer-solvent interactions is:

We can write the number of solvent-solvent interactions as:

Here n0 is the number of solvent-solvent interactions in the absence of the polymer.

𝑛୮୮ =
𝑁𝑧

2
×

𝑁𝑣

𝑟ଷ =
𝑧𝑣𝑁ଶ

2𝑟ଷ

𝑛୮ୱ = 𝑁𝑧 1 −
𝑁𝑣

𝑟ଷ

𝑛ୱୱ = 𝑛଴ − 𝑛୮୮ − 𝑛୮ୱ = 𝑛଴ − 𝑁𝑧 1 −
𝑁𝑣

𝑟ଷ −
𝑧𝑣𝑁ଶ

2𝑟ଷ
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A Single Solvent Interaction Parameter

Now we can write the total interaction energy:

Just as in the excluded volume argument by Flory, the critical parameter is r. Next, we 
introduce the dimensionless parameter:

So we can write the interaction energy as:

Note that higher εps makes χ higher and that Uint is proportional to r–3.

constant

𝑈୧୬୲ = 𝑛୮୮𝜀୮୮ + 𝑛୮ୱ𝜀୮௦ + 𝑛ୱୱ𝜀௦௦ =

𝑧𝑣𝑁ଶ

2𝑟ଷ 𝜀୮୮ + 𝑧𝑁 1 −
𝑣𝑁

𝑟ଷ 𝜀୮ୱ + 𝑛଴ −
𝑧𝑣𝑁ଶ

2𝑟ଷ − 𝑧𝑁 1 −
𝑣𝑁

𝑟ଷ 𝜀ୱୱ =

𝑧𝑣𝑁ଶ

2𝑟ଷ 𝜀୮୮ − 2𝜀୮ୱ + 𝜀ୱୱ + 𝑧𝑁 𝜀୮ୱ − 𝜀ୱୱ + 𝑛଴𝜀ୱୱ

𝜒 = −
𝑧

2𝑘୆𝑇
𝜀୮୮ + 𝜀ୱୱ − 2𝜀୮ୱ

𝑈୧୬୲ = −
𝑘୆𝑇𝑣𝜒𝑁ଶ

𝑟ଷ + constant
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The Theta Solvent

Now recall Flory’s excluded volume argument and introduce the solvent interactions as 
another parameter in the total free energy:

We can rewrite the excluded volume and solvent interaction terms as one:

For χ = 1 we can remove the entire second term! The result will be the random walk! 
The excluded volume effect perfectly compensates the solvent interaction energies. This 
is known as the theta solvent condition.

configurational 
entropy

excluded 
volume

solvent 
interactions

𝐺 𝑟 =
3𝑘୆𝑇𝑟ଶ

2𝑎𝑏𝑁
+

𝑘୆𝑇𝑣𝑁ଶ

𝑟ଷ −
𝑘୆𝑇𝑣𝜒𝑁ଶ

𝑟ଷ + constant

𝐺 𝑟 =
3𝑘୆𝑇𝑟ଶ

2𝑎𝑏𝑁
+

𝑘୆𝑇𝑣𝑁ଶ

𝑟ଷ 1 − 𝜒 + constant
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The Solvent Effect
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Plot of total free energy as a 
function of r for:

T = 300 K
N = 1000
a = b = 1 nm
v = 1 nm3

χ = 1/3

There is still an energy minimum 
at roughly the same value for r!

The solvent “does not do much” 
for modest values of χ!
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Energy Minimization in Solvent

We can perform the same energy minimization calculation as for the Flory radius:

The “ordinary” Flory radius is clearly recovered for χ = 0! When χ < 1, we still have the 
same scaling relation, that is R proportional to N3/5.

So the solvent effectively changes the excluded volume effect. We can set χ = 0 as long 
as we keep in mind that v changes if you change solvent.

Actually even a and b can change with solvent! For instance, hydrogen bonding locks 
subsequent ether oxygens in poly(ethylene glycol) at a = 0.28 nm.

𝜕𝐺

𝜕𝑟
=

3𝑘୆𝑇𝑟

𝑎𝑏𝑁
−

3𝑘୆𝑇𝑣 1 − 𝜒 𝑁ଶ

𝑟ସ
𝑅୊ = 𝑎𝑏𝑣 1 − 𝜒

ଵ/ହ
𝑁ଷ/ହ

H2O

CH2

CH2O

O

Oesterhelt et al.
New Journal of Physics 1999, 1, 6.
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Exercise 4.1

A polymer has monomer length 0.5 nm, Kuhn length 1 nm and excluded volume 0.1 nm3

in a good solvent. Estimate the polymer volume fraction inside a coil in solution for N = 
100 and N = 1000. (You need to somehow express the volume of monomers and estimate 
the total volume that the coil occupies.)
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Exercise 4.1

The volume fraction of polymer inside its own coil is approximately:

Note that we use a3 for the physical size of the monomer, but not for the excluded
volume parameter since that contains solvent effects. This is the most accurate way with 
the information available!

The answers for the different N:

Important to note that the ”density” of the coil decreases with N.

𝛷 =
𝑁𝑎ଷ

𝑅୊
ଷ =

𝑁𝑎ଷ

𝑎𝑏𝑣 ଵ/ହ𝑁ଷ/ହ ଷ = 𝑎ଵଶ/ହ 𝑏𝑣 ିଷ/ହ𝑁ିସ/ହ

𝛷 = 0.5ଵଶ/ହ 1 × 0.1 ିଷ/ହ100ିସ/ହ = 0.018 …

𝛷 = 0.5ଵଶ/ହ 1 × 0.1 ିଷ/ହ1000ିସ/ହ = 0.0030 …

The χ parameter depends on environmental factors other than just solvent type!

One example is ionic strength: Self-repulsion of charged chains can be screened by 
counterions and hydrophilic polymers can be shrunk by osmotic pressure.

Some polymers can undergo chemical changes with pH (protonation), thereby changing 
their charge, so pH is another factor that can influence χ.
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Other Environmental Effects

– –
– ––

+

– + +

+

+
––

–

–
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+ –

solvent 
extractedswollen coil

self-repelling coil
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Globule States

When χ > 1 we cannot calculate RF (negative number to the power of 1/5). The 
unfavorable interactions with the solvent overcome the excluded volume effect!

In essence this shows a phase transition: The polymer collapses into a compact globule
state! The scaling relation for R is now to N1/3.

Consider the globule as spherical ball containing only polymer with volume V = Na3. 
Since the end to end distance R must be proportional to the physical size we get R
proportional to N1/3.

globule (χ > 1)coil (χ < 1) theta solvent (χ = 1)

𝑅 ∝ 𝑁ଷ/ହ 𝑅 ∝ 𝑁ଵ/ଶ 𝑅 ∝ 𝑁ଵ/ଷ
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Critical Solution Temperatures

Higher temperature generally promotes mixing due to the entropy gain, but not if the 
solvent loses too much entropy due to limited bond configurations (hydrophobic effect).

The same holds for polymers: Some will go from solvated to collapsed upon increased 
temperature. They have a lower critical solution temperature instead of an upper 
temperature above which they are always solvated.

Regardless, there will always be a theta temperature at which there is a transition and the 
solvent becomes a theta solvent.

mixed phase phase separated
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Demonstration: Thermoresponsive Polymer

Poly(N-isopropylacrylamide) undergoes a LCST transition at ~32°C in water.
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Polymers Attached to Surfaces

Consider a planar surface onto which the polymer 
can be attached in some way.

Randomly attached segments are hard to model…

Can we understand what happens when only the end 
point is attached? This is often the case in reality 
since the end group is chemically different!

Assume we have Γ polymers attached per unit area. 
(Same meaning of Γ as in previous lectures.)

If Γ < 1/R2 there is no interaction and the coils extend 
approximately a distance of R. Not so exciting...

But what happens when the grafting density is high 
so the coils overlap, i.e. Γ > 1/R2?

randomly attached

end point grafted with 
low density

end point grafted with 
high density

R

H
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Finding the Brush Height

We start with the conformational entropy. Assume that the other endpoint is located just 
at the average extension H. We thus replace r with h in the free energy from stretching:

Dealing with excluded volume is also quite simple. We can assume each coil occupies a 
volume of h/Γ (instead of r3). The grafting density Γ is fixed. The entropy loss from self 
avoidance is per segment:

So we get the free energy contribution as before:
h

1/Γ

𝐺ୡ୭୬ ℎ =
3𝑘୆𝑇ℎଶ

2𝑎𝑏𝑁
+ constant

∆𝑆ୱୣ୥ = 𝑘୆log

ℎ
𝛤

− 𝑣𝑁

ℎ
𝛤

= 𝑘୆log 1 −
𝑣𝑁𝛤

ℎ
≈ −

𝑘୆𝑣𝑁𝛤

ℎ

𝐺୴୭୪ ℎ =
𝑘୆𝑇𝑣𝛤𝑁ଶ

ℎ

Now recall the total interaction energy for solvent effects. Again, the only difference is 
that the volume is now h/Γ instead of r3:

We can define χ just like before and write the interaction energy as:

So we now have all three free energy terms for the brush:

You should know what to do next…
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The Solvent Effect for Brushes

constant with 
respect to h

𝑈୧୬୲ =
𝑧𝑣𝛤𝑁ଶ

2ℎ
𝜀୮୮ − 2𝜀୮ୱ + 𝜀ୱୱ + 𝑧𝑁 𝜀୮ୱ − 𝜀ୱୱ + 𝑛଴𝜀ୱୱ

𝑈୧୬୲ = −
𝑘୆𝑇𝑣𝜒𝛤𝑁ଶ

ℎ
+ constant

𝐺 ℎ =
3𝑘୆𝑇ℎଶ

2𝑎𝑏𝑁
+

𝑘୆𝑇𝑣𝛤𝑁ଶ

ℎ
1 − 𝜒 + constant
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The Alexander - de Gennes Brush

As before, we find the end to end distance that minimizes the free energy (now H):

If we ignore the solvent parameter (χ = 0) we get the solution:

We see that H scales linearly with N (not like coils in solution).

Also, we see that H is proportional to Γ1/3, so brush height depends very weakly on 
grafting density (a bit counterintuitive).

𝜕𝐺

𝜕ℎ
=

3𝑘୆𝑇ℎ

𝑎𝑏𝑁
−

𝑘୆𝑇𝑣𝛤𝑁ଶ

ℎଶ 1 − 𝜒

𝐻 =
𝑎𝑏𝑣𝛤

3

ଵ/ଷ

𝑁

Let us see what happens when the coils are barely overlapping: Γ = RF
-2

Almost H = RF which makes sense, but different scaling with N.

Highest possible grafting density must correspond to monomer area: Γ = a-2

As long as b is comparable to a and v comparable to a3 we get H
comparable to aN (contour length) so everything seems fine.
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Sanity Check: Extreme Grafting Densities

H ≈ RF

H ≈ aN

𝐻 =
𝑎𝑏𝑣

3 𝑎𝑏𝑣 ଵ/ହ𝑁ଷ/ହ ଶ

ଵ/ଷ

𝑁 =
1

3

ଵ/ଷ

𝑎𝑏𝑣 ଵ/ହ𝑁ଷ/ହ =
1

3

ଵ/ଷ

𝑅୊

𝐻 =
𝑎𝑏𝑣

3𝑎ଶ

ଵ/ଷ

𝑁 =
1

3

ଵ/ଷ 𝑏𝑣

𝑎

ଵ/ଷ

𝑁
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Brush Density

We can calculate the volume fraction Φ inside the brush.

The volume of one strand is Na3.

The volume occupied of one coil is H/Γ so:

Depends on grafting density but not N!

Completely different compared to the monomer density inside a coil in solution!

𝛷 =
𝛤𝑁𝑎ଷ

𝐻
=

𝛤𝑁𝑎ଷ

𝑎𝑏𝑣𝛤
3

ଵ/ଷ

𝑁

=
𝑎଼/ଷ𝛤ଶ/ଷ

𝑏𝑣
3

ଵ/ଷ

2021-02-01 Surface Engineering 34

Model Limits

The Alexander - de Gennes brush is strongly stretched. We assume the opposite end of 
the polymer is at the “top” of the brush! This leads to some problems:

• Scaling relation as proportional to N is only valid if Γ is high.

• Monomer density profile not accurate.

distance from surface (z)

po
ly

m
er

 v
ol

um
e 

fr
ac

ti
on

 (
Φ

)

Φ(z) ???

න
𝛷

𝑎ଷ d𝑧
ஶ

଴

= 𝛤𝑁
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Monomer Density Profiles

The de Gennes “step function” height multiplied by 1.3 gives the end point of the more 
accurate parabolic profile (derived by Milner).

Strictly speaking the brush height is not so easy to define…

de Gennes
Macromolecules 1980, 13 (5), 1069-1075.

Milner
Science 1991, 251 (4996), 905-914.
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Nobel Prize in Physics 1991

A guru in soft matter in general, especially known for his work with liquid crystals and 
polymer brushes.

Pierre-Gilles de Gennes
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Reflections and Questions
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Exercise 4.2

For a strongly stretched brush of poly(N-isopropylacrylamide) with M = 50 kg/mol, each 
coil occupies 500 Å2 on the surface. The monomer has length a = 3.0 Å (and can be 
written as C6H10ON). The Kuhn length is 5 nm and you may assume v = a3. What is the 
thickness of the brush?

→

62 nm
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Exercise 4.3

A brush of poly(ethylene glycol) with 20 kg/mol is 50 nm thick. The grafting density is 
0.28 nm-2. The monomer has length a = 0.28 nm and the Kuhn length is 0.72 nm. What 
is the excluded volume parameter (v)? (Compare with a3.)

→

0.07 nm3
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Exercise 4.4

A polymer brush has a thickness which is 80% of its maximum value. The grafting 
density is 0.5 nm-2 and the monomer length is 0.5 nm. You may assume that the excluded 
volume parameter is the cube of the monomer length. What is then the Kuhn length?

→

6.14 nm



2021-01-28

2021-02-01 Surface Engineering 41

Exercise 4.5

One often says that when Γ < RF
–2 end point grafted polymers extend approximately a 

distance of RF. Calculate the extension r from the surface under the assumption that the 
coil occupies a half-spherical volume and the free end is always on the surface on this 
sphere (express the answer in terms of RF).

→

[3/[2π]]1/5RF

r


